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Kinetic simulation model of magnetron discharges
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A self-consistent kinetic model of plasma in the entire gap of a magnetron cylindrical discharge, with all
quantities varying in radius and with the uniform magnetic field being directed axially, is presented. The
discharge modeling is performed on the basis of a numerical solution of the spatially inhomogeneous Boltz-
mann kinetic equation together with equations of ion motion, current balance, and Poisson’s equation. The
model represents an example of discharge description from cathode to anode with respect to strong nonlocality
effects in the distribution function formation. Based on the results for a typical magnetron discharge condition,
the distribution functions, field, and macroscopic properties calculated for the entire discharge in argon, are
presented and discussed.
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INTRODUCTION

The cylindrical magnetron discharge widely used in te
nological applications to create and etch thin films, rep
sents a discharge between two coaxial electrodes~inner cath-
ode and outer anode! at pressures of hundredths of Torr a
currents of about 100 mA. This discharge in a radial elec
field E, can be sustained in the presence of axially direc
magnetic fieldB of the strength of hundreds Gauss. Mod
ing of the magnetron dc discharge may yield a deeper un
standing of both the fundamental issues in gas discha
physics and of the practical aspects of cylindrical magnet
control.

Unlike cylindrical unmagnetized or magnetized d
charges where the radial electric field of ambipolar diffus
is orthogonal to the axial field of current transport, in cyli
drical magnetrons these fields are both directed radially
magnetic field strengths employed in the experiments,
Larmor radius of electron cyclotron motionr ec5v/veB
(veB5eB/m is the electron cyclotron frequency,v is the
velocity, ande andm are the elementary charge and electr
mass! becomes smaller than the distance between cath
and anode. Electrons are magnetized, whereas a mag
field has no substantial influence on ion motion. For t
reason, electron and ion current densities contributing to
charge current appear to be comparable to each other.

The modeling of inhomogeneous plasma at low pressu
and small currents, where nonlocal effects are of major
portance, has been successfully developed recently. Th
fects of nonlocal formation of the electron distribution fun
tion ~EDF! in the positive column are investigate
particularly in examples of classical cylindrical discharges
Refs.@1–4#. For investigations of cathode phenomena wi
out a magnetic field, where nonlocal formation of t
strongly anisotropic EDF and ionization rate becomes es
cially apparent, the particle simulation methods@5–7# or
Monte Carlo simulation@8–12#, analytical methods taking
into consideration continuous energy loss approximati
@13,14#, or hybrid hydrodynamic models@15,16#, and a re-
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cently developed multiterm method for solving the kine
equation@17#, are used. Nonlocal phenomena caused b
disturbing action of the anode on the EDF have been in
preted in Refs.@18,19#.

Kinetic modeling of magnetron configuration discharg
based on a strict solution to the nonlocal Boltzmann kine
equation, is very effective for the following reasons. Fir
the presence of an axial magnetic field remarkably redu
the anisotropy of the distribution function in the radial dire
tion. This circumstance considerably simplifies the proced
for kinetic equation solution in the cathode region, since
this case no use of Monte Carlo or multiterm techniques
required. Thus it becomes possible to obtain a quite relia
solution of the kinetic equation by the two-term approxim
tion for the entire discharge gap between cathode and an
Second, the condition that the discharge current density
the ambipolar current density are directed radially results
the reduction of the problem to one dimension in the r
space. This is of particular importance when describing e
tron and ion fluxes in the near-electrode regions, where a
and radial fluxes are strongly redistributed due to ioniz
collisions. Finally, kinetic modeling permits us to descri
the discharge gap in more detail than is usually achieved
particle simulation methods.

This paper represents an attempt at self-consistent kin
modeling of magnetron discharge plasma in crossed ele
and magnetic fields. The electron component of plasma
analyzed on the basis of a numerical solution of spatia
dependent Boltzmann kinetic equations supplemented b
hydrodynamic description of ions and by Poisson’s equat
for field distribution. A similar theory permits us to obtai
self-consistently the profiles of electric field and macrosco
parameters from cathode to anode. A kinetic treatment
pears to be more efficient than the particle simulation te
niques, as it permits us to consider in detail the elect
distribution function formation in the cathode sheath a
negative glow regions, trace its transition from the posit
column towards equipotential anode, and analyze the p
cesses of electron relaxation in the cathode-fall sheath.
©2001 The American Physical Society08-1
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ticular calculations are performed for discharge in argon
der the conditions specified in Ref.@5#.

ELECTRON KINETICS

The electron component will be analyzed starting with
spatially inhomogeneous Boltzmann equation for the e
trons with charge2e and massm

vW •¹ rWF2
e

m
~EW 1@vW 3BW # !•¹vWF5C~F !. ~1!

The electron distribution functionF(vW ,rW) is formed under
the influence of spatial gradients, the action of radial elec
and axial magnetic fields, and various collision proces
@C(F)#. When using a two-term expansion of the distrib
tion function in spherical harmonics, the EDF can be rep
sented in the form

F~vW ,rW !5F0~v !1FW 1•
vW

v

5F0~v !1
v r

v
F1r~v !1

vu

v
F1u~v !1

vz

v
F1z~v !,

~2!

where F0(v) is the isotropic distribution andF1r(v),
F1u(v), andF1z(v) are the radial, azimuth, and axial com
ponents of the vector EDF anisotropy.

Substitution of expansion~2! into the kinetic equation~1!
after integration over solid angles yields

1

3
¹ rW•FW 12

e

m

1

v2

]

]v
~v2EW •FW 1!5C0 ,

v¹ rWF02
eEW

m

]F0

]v
2

e

m
@BW 3FW 1#5CW 1 .

Taking into account thatEW 5E(r )kW r , BW 5BkW z , and CW 1

52(v/le)FW 1 (le is electron free path!, we obtain the fol-
lowing expressions for the anisotropic components:

f 1r~U,r !5
le

11~le /r ec!
2 F2

] f 0

]r
1eE~r !

] f 0

]U G , ~3!

f 1u~U,r !5
r ec

11~le /r ec!
2 F2

] f 0

]r
1eE~r !

] f 0

]U G
5

le

r ec
f 1r~U,r !,

f 1z~U,r !50,

which differ from the correspondent distribution functionsF
by the factor 2p(2/m)3/2 and have the kinetic energyU
5mv2/2.
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The kinetic equation for the isotropic distribution functio
can be represented as follows:

U

3

1

r

]

]r
r f 1r~U,r !2

eE~r !

3

]

]U
U f 1r~U,r !5S0~ f 0!, ~4!

where the collision operator

S0~ f 0!5S0
el~ f 0!1S0

ex~ f 0!1S0
di~ f 0!1S0

si~ f 0!

includes elastic and inelastic collisions and direct and st
wise ionization collisions:

S0
el~ f 0!52

m

M

]

]U
@U2NQel~U ! f 0~U,r !#,

S0
ex~ f 0!52UNQex~U ! f 0~U,r !

1~U1Uex!NQex~U1Uex! f 0~U1Uex,r !,

S0
di~ f 0!52UNQdi~U ! f 0~U,r !

1~U/b1Udi!NQdi~U/b1Udi!

3 f 0~U/b1Udi ,r !/b

1@U/~12b!1Udi#NQdi@U/~12b!1Udi#

3 f 0@U/~12b!1Udi ,r #/~12b!

S0
si~ f 0!52UNmQsi~U ! f 0~U,r !

1~U/b1Usi!NmQsi~U/b1Usi!

3 f 0~U/b1Usi ,r !/b

1@U/~12b!1Usi#NmQsi@U/~12b!1Usi#

3 f 0@U/~12b!1Usi ,r #/~12b!.

HereQel(U) andQex(U) denote the total cross sections f
momentum transfer and excitation collisions with the exci
tion threshold ofUex, Qdi(U) andQsi(U) are the cross sec
tions of direct and stepwise ionization with the correspon
ing ionization potentialsUdi andUsi , M is the atom mass,N
is the density of gas atoms, which is related to gas pressup
in Torr by N5pNg , whereNg53.5431016 cm23, andNm is
the density of the metastable atoms involved in stepwise
ization processes. The densityNm was taken equal to
1011 cm23. These cross sections are represented in Fig
The ionization operators are written under the assump
that after each ionization event the remaining kinetic ene
U of the colliding electron is shared between the two outg
ing electrons with the ratiobU and (12b)U (0,b,1).

An important influence on electron kinetics produced
the magnetic field consists in the abrupt reduction of
radial anisotropyf 1r and the appearance of the azimuth co
ponent f 1u , which was zero in the absence of a magne
field. It is seen from Eq.~3! that the anisotropic distribution
function f 1r for magnetized electrons (r ec!le) is smaller by
the factor (r ec /le)

2 than the corresponding anisotropic pa
of the EDF formed in a discharge without a magnetic fie
Even under conditions of weak magnetic fields and low pr
8-2
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KINETIC SIMULATION MODEL OF MAGNETRON DISCHARGES PHYSICAL REVIEW E63 056408
sures, the inequalityr ec /le,1 valid for the energiesU
,mveB

2 /
$2@NQS(U)#%, holds well for electron energies of sever
hundreds eV. The azimuth anisotropy is larger than the ra
one by the factor of ratiole /r ec and might be dominant in
the expansion~2!. In this connection the two-term expansio
~2! becomes sufficient to obtain an appropriate description
the EDF formation in the cathode sheath at not too low pr
sures and not too small magnetic field strengths.

The system~3!, ~4! can be simplified by changing var
ables fromU to the total energy«5U1ew(r ), with radial
potential energyew(r )52*Ra

r E(r )dr(2e), yielding

1

3
U

1

r

]

]r
r f 1r~«,r !5S0@ f 0~«,r !#, ~5!

f 1r~«,r !52
UNQS

U~NQS!21mveB
2 /2

] f 0~«,r !

]r
. ~6!

HereQS denotes the total cross section of electron-atom c
lisions QS(U)5Qel1Qex1Qdi1Qsi.

Substituting the functionf 1r into Eq. ~5!, we come to the
final partial differential parabolic equation for the isotrop
distribution function

1

r

]

]r S rA~«,r !
] f 0~«,r !

]r D1
]

]«
@B~«,r ! f 0~«,r !#

5C~«,r ! f 0~«,r !2D@ f 0~«,r !# ~7!

with the coefficients

A~«,r !5
1

3

U2NQS

U~NQS!21mveB
2 /2

,

B~«,r !52
m

M
U2NQS~U !,

where the kinetic energy isU(«,r )5«2ew(r ). The excita-
tion and ionization processes at the energy« are described
by collision integralsC andD, which can be easily obtaine
from the above expressions forS0

ex, S0
di , and S0

si . In total

FIG. 1. Total cross sections of elastic and inelastic collisio
and of direct and stepwise ionization for argon, used in the ca
lations.
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energy-coordinate space the energy« is attained in the ion-
ization event by those electrons whose energies before
izing collision were «1U(12b)/b1Udi and «1Ub/(1
2b)1Udi .

The solution region of Eq.~7! is represented in Fig. 2. It is
bounded above by the line«<U` , the left boundary corre-
sponds to the curve where the kinetic energy is zero eq
and the right boundary is the anode. The positive direction
the r axis is taken in the direction from cathode to anode a
the electric field is assumed to be negative in the whole
gion. The total energy is thus positive («.0) in region I and
negative («,0) in region II. Due to its parabolic nature, Eq
~7! can be solved as a boundary value problem with evo
tion coordinate«. The solution process must evolve fro
higher energies towards lower ones, to yield at every ene
« the EDF as a function of radius. More details on the n
merical scheme are given in the Appendix.

Since the electrons are injected into the discharge
from the cathode, and the problem to be solved is the bou
ary value problem, we can assume a definite initial distrib
tion of electrons to be given at the cathode, and

f 0~«,Rc!5 f 0
(C)~U,Rc!.

The PIC simulation of magnetron discharge@5# showed that
the distribution function formed very near to the cathode h
a continuous energy spectrum and monotonically decre
up to energies exceeding 100 eV. Thus, the distribut
which is sufficiently extended towards a large energy ran
can be taken as being the initial distribution at the catho

,
-

FIG. 2. Schematic representation of the discharge gap in
radial direction~top! and the solution region in variables total e
ergy and radius~bottom!. Bold curve corresponds to the potenti
profile obtained as a result of the self-consistent solution.
8-3



m

hic
si
th

no
c

e
tic
,

ex
n
e

ox
o

siz
o,

on
r

by
n-
pa-

ibu-
ons

lta-
ar

he

he
lec-
he
ius.
he
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The upper boundary of the solution region is taken fro
the condition that the functionf 0

(C) vanishes atU>U` or has
negligibly small values

f 0~«,r !u«<U`
50.

The anode is an absorbing surface for the electrons w
leave the discharge gap upon attaining the anode. The
plest boundary condition at the anode is the equality of
EDF to zero,

f 0~«,Ra!50,

which corresponds to the absence of electrons at the a
surface. A more precise boundary condition at the anode
be imposed following the Milne@20# problem on radiation
escape from a dispersing medium as done in Ref.@19#.

In region II the boundary condition at the curv
«5ew(r ) (U50) can be obtained considering the kine
equation ~4! in the vicinity of vanishing kinetic energy
which reads

2
1

3
eE~r ! f 1r~U,r !5S0@ f 0~U,r !#. ~8!

In a magnetic field the anisotropic componentf 1r , according
to Eqs.~3!, ~6! at U→0 becomes

f 1r~U,r !52
UNQS~0!

mveB
2 /2

] f 0

]r
1eE~r !

UNQS~0!

mveB
2 /2

] f 0

]U
.

In small ranges of kinetic energies slightly exceeding
citation potential or ionization energy, the excitation and io
ization cross sections may be approximated by linear dep
dence of the formQa5Q0

a(U/Ua21), where index a
corresponds to ex, di, or si. Substituting these linear appr
mations into the operator for backscattered electrons, we
tain

S0@ f 0~«,r !#uU→05U$NQ0
exf 0~«1Uex,r !

1@NQ0
dif 0~«1Udi ,r !

1NmQ0
sif 0~«1Usi ,r !#

3@1/b211/~12b!2#%.

Finally, the boundary condition at the curve«5ew(r )
gets the following representation:

] f 0~«,r !

]r U
«5ew(r )

5
3

2

mveB
2

eE~r !
F Q0

ex

QS~0!
f 0~«1Uex,r !

1
Q0

di

QS~0!
f 0~«1Udi ,r !@1/b211/~12b!2#G .

Here we neglected stepwise ionization due to the small
of the ratioNm /N. When the magnetic field strength is zer
05640
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this condition is transformed into zero boundary conditi
for the derivative] f 0 /]r which is commonly used in simila
problems.

Macroscopic radial behavior of electrons is described
the radial distributions of electron particle and current de
sity, ionization rates, and electron average energy. These
rameters can be easily obtained in terms of electron distr
tion function. The density and average energy of electr
are correspondingly as follows:

ne~r !5E
0

`

f 0~U,r !U1/2dU,

Ue~r !5E
0

`

f 0~U,r !U3/2dU/ne~r !.

Direct and stepwise ionization rates are

I d~r !5S 2

mD 1/2E
Udi

`

NQdi~U ! f 0~U,r !UdU,

I s~r !5S 2

mD 1/2E
Usi

`

NmQsi~U ! f 0~U,r !UdU,

and the electron current density in the radial direction is

j e~r !52
1

3 S 2

mD 1/2

3E
ew(r )

` U2NQS~U !

U~NQS!21mveB
2 /2

] f 0~«,r !

]r
d«. ~9!

These macroscopic properties were calculated simu
neously while solving the kinetic equation in a way simil
to that described in Ref.@1#.

An appropriate averaging of the kinetic equation~5! over
kinetic energies yields the following particle balance of t
electrons:

1

r

d

dr
r j e~r !5I d~r !1I s~r !

and energy balance

1

r

d

dr
r j eU~r !52eE~r ! j e~r !2Hel2Hex2H io,

where

j eU~r !5
1

3 S 2

mD 1/2E
0

`

f 1r~U,r !U2dU

is the energy current density,Hel, Hex, andH io are the en-
ergy losses in elastic, inelastic, and ionization collisions. T
form of the particle balance reflects the appearance of e
trons in ionizing collisions resulting in an increase in t
electron current density with magnetron discharge rad
The particle and energy balances follow identically from t
8-4
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KINETIC SIMULATION MODEL OF MAGNETRON DISCHARGES PHYSICAL REVIEW E63 056408
kinetic equation and are used to check the accuracy of
solution obtained for the distribution function.

ION KINETICS

To develop the self-consistent theory of magnetron d
charge plasma it is necessary to combine the descriptio
electron component with that of ion kinetics. Whereas
ion free pathl i'0.25 cm is small compared to the magn
tron radius, the ions move in the collision regime and can
treated in the hydrodynamic approximation.

Ion motion, therefore, is described by the particle a
force balances, where ion collisions dominate over iner
pressure gradient, and Lorentz force term

¹•niuW i5I d1I s , ~10!

jW i5niuW i5nibiEW . ~11!

Hereni andkTi are the density and temperature of the io
uW i is the directed velocity,j i is the ion current density, andbi
is the ion mobility.

The current densities of ions~11! and electrons~9! are
combined into discharge total current density

jW05 jW i1 jWe ;
1

r

d

dr
r j 0~r !50,

which is related to the discharge currenti in magnetron ge-
ometry by

i 52peLr j0~r !, ~12!

whereL denotes the length of magnetron discharge. It is s
from Eq. ~12! that the current densityj 0(r ) decreases from
cathode to anode and is inversely proportional to the rad
providing constancy of the discharge current. The elect
current density at the cathode is small and constitutes
fraction g from the ion onej e(RC)5g j i(RC). At the anode
the total current is transported by the electronsj e(RA)
5 j 0(RA).

By supplementing Eqs.~10!, ~11! with Poisson’s equation

divEW 54pe~ni2ne!

and taking their projections on the positive direction of thr
axis, we obtain the following closed system of equations
self-consistent determination of discharge parameters:

1

r

d

dr
r j i~r !52@ I d~r !1I s~r !#, ~13!

ni~r !5 j i~r !/@bi~E!E#, ~14!

1

r

d

dr
rE524pe~ni2ne!. ~15!

In the system~13!–~15! the fieldE and ion current densityj i
are the positive values.
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The solution of the self-consistent problem has been p
formed in the following way. Some initial field profile wa
given to define the radial course of the potential. The kine
equation was solved for this potential profile, the distributi
function obtained and the rates of ionization processes,
particle and current densities were calculated simultaneo
with the calculation of the distribution function. Then th
fulfillment of particle and energy balances was checked. T
calculated EDF was normalized at the value of discha
current density at the anode, as long as the density of e
tron current coincided with that of the total current at t
anode. The normalization coefficient obtained from this n
malization condition for the EDF was then used to recal
late the relevant macroscopic parameters into absolute u
The self-consistent electric field was found by establish
technique employing integration of the system~13!–~15! in
the direction from anode to cathode and by the approxim
tion of the curveE(r ) obtained on each iteration with hig
order polynomial. The calculations of the EDF and mac
scopic properties were repeated for every new dependenc
E(r ) obtained at the end of each iteration.

RESULTS AND DISCUSSIONS

The results of the self-consistent solution refer to d
charge in argon at pressurep50.02 Torr, magnetic field
strength B5200 G, discharge currenti 572 mA, radii of
cathode and anodeRC50.5 cm andRA53 cm, and length of
magnetron dischargeL512 cm. The ionization processe
were treated with the coefficient of energy redistributionb
50.25. The value for ion mobility and its dependence
electric field strength was taken in the formbi(E)5bi0@1
1a(E/p)#21/2, bi051460 cm2 V21 s21, a50.0264 for Ar
at 1 Torr @21#.

On the whole, the fall of the potential~Fig. 2! is concen-
trated in the cathode region attaining the magnitude of ab
250 V, which exceeds those in the positive column and
ode region. These results appear to be very expected as
as electron ‘‘mobility’’ exceeds that of the ions at not to
large magnetic fields. In strong magnetic fields of the or
of thousands of Gauss, the electron mobility is considera
reduced and becomes comparable to ion mobility, wh
leads to an increase in the anode fall and the conseq
decrease of the cathode fall.

The electric field strength~Fig. 3! attains 2200 V/cm at
the cathode and then abruptly drops towards the end of
cathode sheath. In the negative glow region the profile of
electric field has a minimum, with minimal field value
V/cm attained at the pointr 50.9 cm. In the positive column
the electric field strength increases towards the anode
tially slowly, and faster afterwards.

The electron distribution function~Fig. 4! that is formed
in similar fields has the following peculiarities. The EDFs
the cathode region are actually the distribution functions
high-energy electrons. The fraction of slow electrons co
tributing to particle density is very small, and the EDF
‘‘tail’’ contains electrons with a continuous energy spectru
extending up to 200–250 eV. This is caused by quick acc
eration due to a large difference between the potentials in
8-5
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cathode sheath of both the cathode ejected electrons an
slow electrons that appears in exciting and ionizing co
sions. In the transitional region between the cathode sh
and negative glow region, electrons come to the region
small field. Backscattered slow electrons are weakly hea
by this field and their density increases quickly. Thus, in
negative glow region a peak of slow electrons is formed
the EDF. In the positive column the fast electrons lose th
energy to atom excitation and ionization, which leads to
gradual decrease of the EDF scale in the inelastic reg
whereas the decrease in the number of slow electrons foll
from an increase in electric field strength under almost c
stant electron current density. The EDF formation in the
ode region is governed by the action of two factors. Fi
due to the presence of the anode which is the electron
sorbing surface, the EDF is additionally depleted in sl
electrons. These slow electrons are affected by the an
starting from quite large distances from the anode surface
the order of the energy relaxation lengthl«;Uex/eE

FIG. 3. Radial profile of the electric field in full discharge~left
scale! and the field’s details in the bulk plasma~right scale!, ob-
tained as a result of the self-consistent solution.

FIG. 4. Electron distribution function in magnetron discharg
as obtained by the self-consistent solution for the electric fi
shown in Fig. 3.
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;0.4 cm. Second, in the anode region the EDF becom
additionally populated in fast electrons, which is caused
their acceleration due to the strong field in the anode-
region. These fast electrons sink on the anode startin
much smaller distances than the slow ones, resulting in
formation of the EDFs populated in high-energy electro
which cause additional ionization in the anode-fall sheath

The supplementary wavelike structure seen in the E
~Fig. 4! is stipulated by the phenomena of electron relaxat
in inhomogeneous fields as discussed in detail, particularl
Ref. @1–4#. Specifically, Ref.@1# has demonstrated the origi
of a wave in the electron distribution function when electro
pass through a spatially limited region where electric fie
strength is smaller than that in the neighboring regions. T
origin of these oscillations is connected with an overpopu
tion of slow electrons in the region of a weak field, who
subsequent acceleration by a stronger field is reflected in
appearance of the local maximum in the EDF, which mov
towards the anode almost along the line of the«5const.
Backscattering of these electrons in inelastic collisions le
to the formation of subsequent local maxima in the distrib
tion function and the observed wavelike structure.

The excitation and ionization rates, particle and curr
densities, and electron average energy are represented in
5. The rates of excitation and total ionization@Fig. 5~a!# are
maximal approximately at the boundary of cathode-fall a
negative glow regions. Near the anode these rates prov
by fast electrons increase, unlike the behavior of the stepw
ionization rate, which is determined by slow electrons.

The distribution of ionization sources stipulates the rad
course of electronj e and ion j i current densities combining
into total current densityj 0 @Fig. 5~b!#. The decrease of dis
charge current density with radial position is caused by d
charge geometry. It is seen from the figure that in the regi
of cathode fall and negative glow the current is transpor
by the ions, and by the electrons in the positive column a
the anode region. The self-consistent solution of the prob
gives the value ofg'0.1 for the electron secondary emissio
coefficient, which agrees well with the values used in simi
problems on cathode phenomena@22#.

The radial distributions of charged particle densities@Fig.
5~c!# generally reflect the EDF behavior at small energi
However, the wavelike structure seen in the EDF, does
itself appear in radial dependencies of electron density.
density distributions indicate that plasma is genera
quasineutral, the positive space-charge sheath is forme
the cathode region, and a small negative space-charge sh
can be seen near the anode. The particle densities attain
maximal values of about 431010 cm23 in the region of the
field minimum and then decrease towards the anode.
average electron energy@Fig. 5~d!# reveals nonmonotonic ra
dial dependence equal to approximately 4 eV in the posi
column and attaining considerably larger values in the ne
electrode regions.

It is interesting to consider the electron relaxation proc
in the cathode sheath. Since electrons emitted from the c
ode have an energy spectrum within a few eV, a sufficien
narrow energy distribution function of electrons whose en
gies do not exceed the excitation threshold can be take

,
d
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FIG. 5. Radial profiles of exci-
tation and ionization rates~a!, par-
ticle ~b!, and current~c! densities,
and electron average energy~d! in
magnetron discharge.
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the cathode as the initial one. The examples of relaxatio
such distribution in the self-consistent field~Fig. 3! are rep-
resented in Fig. 6~a! for the coefficientb50.25 and in Fig.
6~b! for b50.1. As long as the cathode sheath is small a
the electric field in the sheath decreases linearly, the re
ation pattern has an appearance similar to that obtaine
Ref. @17# for cylindrical discharge. Electrons of the initia
distribution are accelerated by the cathode-fall field a
make up a beam whose position in energy space corresp
to the potential energy gained by these electrons up to
space position. When the kinetic energies of the electr
belonging to an initial EDF attain the excitation thresho
the electrons can excite atoms. Backscattering processes
to the formation of a second group of electrons in the EDF
energies smaller than those of the excited electrons at
excitation threshold. These two groups of electrons, cle
seen in Fig. 6, are accelerated by the field and lose en
during exciting and ionizing collisions. In the case of a bro
initial distribution function, the resultant EDFs have
smooth energy dependence and reveal no similar peaks.
mation of the additional maxima in the EDF, which are d
tributed over an energy range much farther from the be
like electrons, is caused by the appearance of slow elect
in the ionization processes. It is seen that these maxim
b50.25 @Fig. 6~a!# are separated from each other by larg
energies than they are in the case withb50.1 @Fig. 6~b!#.
This fact is easily understood if one considers the ener
attained in the ionization event by the two outgoing electro
in both cases. If the quantityb had a continuous range o
values, these additional maxima, stipulated by ionization c
lisions, would disappear.

It should be noted that the solution of the self-consist
problem is influenced very little by the form of the initia
distribution at the cathode and depends weakly on the c
ficient of energy redistribution between slow electronsb
05640
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when it falls within the range 0.1,b,0.5. To find a solu-
tion with the same order of accuracy for smallerb values,
considerably more computational work is required.

When comparing the results of this modeling with tho
of @5#, one can observe the qualitative agreement in ra
distributions of the parameters. The EDFs in both mod

FIG. 6. Relaxation patterns of the electron distribution functio
in the cathode sheath for two values of energy redistribution co
ficient in ionization event~a! b50.25 and~b! b50.1.
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have similar variation with radial position. Some quantitati
distinctions are noticeable in the absolute values of the e
tron average energy and the fall of the potential betw
cathode and anode. At the same time, the kinetic mode
unable to interpret oscillations of the electric field streng
and particle density appearing in PIC results in the an
region.

CONCLUSION

The kinetic model of magnetron configuration dischar
in crossed electric and magnetic fields developed in
present paper permitted us to perform the uniform desc
tion of plasma over the discharge gap and obtain s
consistently the distributions of internal plasma quantit
from cathode to anode. The electron component has b
considered based on the numerical solution of the spat
inhomogeneous kinetic equation by a two-term approxim
tion, whereas the development of an appropriate numer
scheme for the solution was required to correctly take i
account the ionization processes. To find the self-consis
solution, the kinetic equation has been supplemented
equations describing the ion motion in the collisional regi
and Poisson’s equation. The results obtained for the fi
profile, distribution function, and macroscopic properties
scribe the formation of the cathode-fall and negative gl
regions, the extended positive column and the anode sh

The development of a similar model for discharge at l
pressures and weak magnetic fields became possible d
two factors. First, the presence of the magnetic field abru
decreases the distribution function anisotropy in the ra
direction and second, codirection of the fields of curre
transport and ambipolar diffusion, stipulated by the d
charge geometry, reduces the problem into one dimensio
coordinate space.
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APPENDIX: NUMERICAL SOLUTION

As the initial boundary value problem is solved for a pa
bolic partial differential equation with evolution coordina
«, the calculations of the EDF as a function of radius a
required at every step in total energy. When constructing
numerical scheme for solving the kinetic equation~7!, it is
necessary to take into account the presence of large grad
of the electric field, and to store resultant EDFs for accur
treatment of ionizing collisions. Taking these factors in
account, the kinetic equation has been discretized on
mesh, equidistant in total energies and nonequidistant in
dial position.

In region II wherew(Ra)<«,0, the grid innII points
was introduced according to
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« i5D«• i , D«5w~Ra!/nII , i 521,22, . . .2nII .

In region I the step in energy was taken to be the same
the number of grid pointsnI was determined according to th
valueU` at which the initial distribution function vanishes
i.e.,

nI5U` /D«; « i5D«• i ; i 5nI ,nI21, . . . ,0.

The grid points in the radial coordinate are determined t
from the condition

« i52ew~r 2 i ! i 50,21, . . . ,2nII

and depend on the radial course of the potential.
The terms of Eq.~7! were replaced at the internal gri

points (« i ,r j ) by using finite-difference approximations i
second-order accuracy. Due to the choice of the nonequ
tant radial grid, the first derivatives with respect to the rad
can be represented in the following form providing secon
order accuracy:

] f 0~«,r !/]r u« i ,r j 21
5

1

Dr j
@2a j~ f i , j 112 f i , j !

2~21d j !~ f i , j 212 f i , j !#,

] f 0~«,r !/]r u« i ,r j
,5

1

Dr j
@a j~ f i , j 112 f i , j !

2d j~ f i , j 212 f i , j !#,

] f 0~«,r !/]r u« i ,r j 11
5

1

Dr j
@~21a j !~ f i , j 112 f i , j !

1d j~ f i , j 212 f i , j !#,

where f i , j denotesf 0(« i ,r j ) and

Dr j5r j 112r j 21 , a j5
r j2r j 21

r j 112r j
, d j51/a j .

The second derivative with respect tor, which includes ra-
dially dependent coefficients, can be written as

]

]r S A~«,r !
] f 0~«,r !

]r D U
« i ,r j

'
1

Dr j
@a j~Ai , j 11] f 0 /]r u i , j 112Ai , j] f 0 /]r u i , j !

2d j~Ai , j 21] f 0 /]r u i , j 212Ai , j] f 0 /]r u i , j !#,

where Ai , j denotes kinetic coefficient taken at the poi
(« i ,r j ).

The appearance of slow electrons in exciting and ioniz
collisions (Di , j ) is described by the distribution function a
the shifted energy of« i1Ush which usually does not fit mesh
8-8
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points. The distribution functionf 0(« i1Ush,r j ) was repre-
sented on the same energy mesh by a parabolic interpola
through the corresponding mesh points. The tridiagonal
e
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99
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sm

05640
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ear equation system obtained at every fixed total energy
supplemented by boundary conditions discretized in a sim
way on the same mesh.
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